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Summary. Genetic effects for varietal value are defined at
the level of the population of k-parent synthetic varieties.
A simple expression for the total variance among syn-
thetics arises directly from these definitions. A general
expression for the covariance among related synthetics is
given. Genetic effects are also defined in a completely
general way so as to allow for any system of testing and
used to derive an expression for the genetic advance in
recurrent selection for varietal value. Covariances between
relatives evaluated in the system of testing and in varietal
combination are introduced, allowing a direct expression
of the genetic advance in varietal development when par-
ents are selected either individually or in groups. Some
general implications for plant breeding are outlined.
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1 Introduction

Hill (1966, 1972) has proposed, from an empirical point
of view, the analysis of the value of a synthetic variety in
terms of main effects of parents and interactions of all
possible order among them. He called such effects ‘com-
bining abilities’. However, the concept of varietal ability
and its importance in synthetic variety development was
emphasised by Wright (1973, 1974). In analogy with gen-
eral combining ability as used in hybrid variety produc-
tion, the general synthesising ability of an individual
(G.S.A)) was defined as the expected value of all k-parent
synthetics from a given population with this as a common
parent. Gallais (1975) extended this concept at the popu-
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lation level, and included specific synthesising abilities

(S.S.A.) of different orders, defined as the interactions
between 2, 3..., k-parents. Clearly, such a complete set of
definitions can be made for synthetics of different sizes,
and from a fixed or random point of view, allowing the
formulation of a general theory of varietal development
(Gallais 1977, 1978).

Wright (1974) studied the expected advance of varietal
value during both the population improvement and variet-
al construction phases of a breeding programme for differ-
ent methods of testing, but used a simple model which
excluded multiple allelism and epistasis. The aim of this
paper is to give a completely general approach to the
breeding theory of synthetic varieties in diploid crops
through the definition of genetic effects for varietal value
and for the criterion of testing.

2 Population Parameters

The analysis of genetic variance in a random mating popu-
lation developed by Kempthorne (1957) and others is
based on a model for gene effects which uses the indi-
vidual genotype as its fundamental unit. The expectations
of various covariances among relatives are deduced accord-
ing to their degree of relationship. Such a model can be
extended to examine statistics which involve synthetic
varieties (Wright 1974; Gallais 1974b). However, an alter-
native procedure is to use the synthetic variety itself as
the basic unit and to redefine all genetic effects with re-
spect to a population of such synthetics. This approach is
very similar to that used by Griffing (1967) in the study
of group selection, and in fact the selection of synthetics
can be regarded as a particular case of group selection.

From a non-inbred population the population of
synthetics of size k is obtained from the k-way combina-
torial product involving the base population genotype ar-
ray. For diploids reduced to one locus:
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The genotypic value of a particular k-parent synthetic
drawn from such a population can be expanded according
to a factorial model (without epistasis).

n=k n=k
V0 PR P% PR ik = Hs + n§] (Sain + Sajn) * n.z—-:l SBinjn
+ E z:(SBIm 1n B‘mjn + Sﬁjm in + SBjmjn)

g is the mean of all varieties with k parents, equal to the
varietal value of the population;

s%, is the additive effect of gene Ail in synthetic com-
bination:

s%, = ZPj, Py, By, -+ Siyjyig, 0 THs
sB;, j, is the dominance effect:
SBixjx =z P, pjz T Sinjlizjz T Sail - Sajl —Hs

s®; and gf;; are related to the classical parameters as fol-
lows (Gallais 1978)

<0 = (1/K) {a; + (1/4k) (8;;
sBy = (1/2k*) B;;

— B(@))r

Epistatic effects could be defined in the same manner.
Each parameter of the factorial model has an expecta-

tion of zero and is independent of the others. Additive

and dominance variances for varietal value can be defined:

2 2
Oag =2 E(gq;)
2 2
Opg = E(s8;)
Noting the occurrence of independent go; and ¢f;;
terms in the expectation of the mean value of a synthetic,
the total genetic variance among synthetics is

05 =k 0 g + k(2k—1) 0

which is a simple derivation of a formula given by Hill
(1971).

3 Covariances Between Related Synthetics

By considering a k-parent synthetic as the fundamental
unit of analysis, it is possible to study the covariance
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among related synthetics in the same way as classical
analysis considers that among related individuals. Accord-
ing to a general theory of covariances among relatives
(Gallais 1974a, 1976) we can write the covariance be-
tween two synthetics S, and S, as:

cov S, Sy

L}

4 ¥gli 1) K* By )

+ Vs 1) K (2k—1)* EGe7 ;)
2950 1) K oy

+ g 1) K2 (2k—1)* o}

because there are altogether k* terms of the form E(go,
s¢) and k? (2k-1)? of the form E(g;; (B;;). Here Y (ik)
is equivalent to the classical coefficient of kinship, and
¥ (ijlij) to the coefficient of kinship for two alleles drawn
from the parental population. This is the same expression
as the covariance between relatlves in a random mating
population except that o> a and oD are respectively re-
placed by k?¢% _ and k*(2k-1)*¢

This general iormula can be appfled to the study of the
variance among synthetics by putting S, =S, , and in this
case Yg(ili) and Y4(ijlij) are the coefficients of kinship of
a synthetic with itself:
Yg(i) = 1/(2k),  ¥g(ili) = 1/(k(2k—1))

If we consider the covariance between synthetics
having one parent in common, this gives the variance of
general synthesising ability aés with

Vosl) = 12K Gl = 1/(K? (2k—1)%)
"Gs 0A5+0Ds

Similar reasoning can be used to lead to the covariance
between synthetics with n parents in common:

cov 5, S, =no} +n(2n-1)op

4 Some Applications to the Theory of Selection of
Synthetics
4.1 Within Population Improvement of Varietal Value

Applying the general principles of linear prediction, the
genetic advance in population varietal value following one
cycle of selection is (Gallais 1977)

cov[TH(G), Mpy(G)]

uvn+l _“Vn = (#Vn,l —#Vn) tifk

Vvar[7,(G)]

where uy . is the varietal value of the population at
generation (n+l1) after selection at generation n, and
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My, is the varietal value at (n+1) without selection. The
term in brackets therefore represents changes which can
occur during one cycle of relaxation of selection during a
recurrent selection scheme. i is the selection intensity in
standard deviation units, § expresses the control of selec-
tion on the two sexes (8 = 1 or 2), and k is the number of
parents. cov [ JH(G), ./%PV(G)] is the covariance of the
value of a genotype (G) under a particular system of test-
ing Z5(G) and the varietal value of its progeny following
random mating%V(G). While cov[fP(G),%v(G)] rep-
resents the relationship of one individual or predictor to
varietal value, 0k is the number of such predictors.

Consideration is confined here to the expression of the
covariance cov [ﬂ'p(G),%v(G)]. The value of genotype
A;A; according to a particular system of testing J can be
expanded as follows

."/‘P(AiAj) = My + 705 + 10 + B

An equivalence can now be established between these pa-
rameters and those defined for any particular system of
testing, For example, with selection based on general com-
bining ability

Tp(AA) =1 +(1/2) (o + o)
so that
19 =(1/2)ey and 1f;;=0;

In general, any system of testing can be evaluated by sub-
stitution of parameters of one of three types. For those
systems which do not involve inbreeding (e.g. mass selec-
tion, selection for general combining ability [G.C.A.]), the
classical random mating parameters a; and §3;; can be used.
The use of S1 families require the definition of new para-
meters (ro; = o; + 1/4 B;;) while for selection based on
general synthesising ability (G.S.A.) the varietal effects
g¢; and sB;; are appropriate and thus lead to covariances
which can be written as variances. Table 1 summarises the
equivalences of the parameters for some breeding meth-
ods.

The covariance cov[Z, P(G),./%PV(G)] can be expressed
as a covariance between relatives. Including additive
dominance, and additive x additive interactions, this is

b

cov[ Tp(G), My (G)]

4 (i) B(poy sa;)

+ W(i1i) E(B;; oB;p)

+ 16 Y (ik lik)
E(r(a0)y s(aa)y)

= 29(ili) 0ppaq
+ V(i) op. g

where

Oarag = 2E(rey 50),

and

9prDg = E(1B; 6:5)»

Oparaag = 4 E(r(aa) g(ac)y)

In most selection schemes, one generation of intercrossing
is allowed before reselection. In this case, the covariance is
that of parent and offspring, so that ¥(ili) = 1/4 and
¥(ijlij) = 0. In the absence of linkage y(ik lik) = [y (ili)]*=
1/16, while the coefficients for other epistatic effects are
zero. Thus

cov [ 7p(G), Mpy(G)] = (1/2)0ppag+ (1/4)0pp 1aAg

The expectation of the covariance for any testing method
is then derived by substitution of the appropriate para-
meters from Table 1. Some breeding methods in common
use involve more than one generation of intercrossing be-
tween selection cycles: for example, selected half-sib fami-
lies may be allowed to intercross to reconstitute the popu-
lation. In this case, cov|[ Z,(G),./%PV(G)] is a covariance
of grand-parent and grand-offspring, with (ili)= 1/8 and
Y(ik lik) = 1/64, so that

Table 1. Equivalence of e and TBij parameters to classical and varietal parameters for various

population improvement methods

Method of

assessment T p(G) T% Thij
Phenotype B+ + o+ B % Bij
G.CA. B+ (1/2)( + o) (1/2)e; 0

S, Bpta; o+ (1/4)(B;; + Bjj) + (1/2)Bij 1% = o + (1/4)8; (l/z)ﬁij
G.S.A. Bg + g+ g+ Sﬁij S% Sﬂij
G.S.A. of ug + (1/2)(se + go)) (1/2)ge; 0

offspring
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Table 2. Covariance between the value of a genotype according to the value of test
T p» Which defines the breeding method, and the varietal value of its offspring ‘/%PV
following one generation of intercrossing

Breeding method Cov 7, P"%’V

Individual Selection
Mass selection (HZ)C’A.AS + (1/4)GAA-AAS
Selection on G.C.A. (1/4)0A,AS + (I/IG)UAA.AAS

Selection on S, (1/2)0AIAS + (1/4)"AAIAAS

Selection on parental G.S.A. (1/2)03XS + (1/4)0‘3‘ Ag

Selection on G.S.A. of offspring (1/4)05\5 + (1/16)01’\AS
Selection on parental G.S.A. in n-syn

Family selection

HS families

(IKS)OA.AS + (1/64)0AA.AAS

(1/2)e As As,* (1/4)“(AA)5n(AA)sk

cov|[ yp(G)"/%PV(G)] = (1/4)°ATAS + (1/16)0AATAAS

A simpler method can be used to derive the covariance
for those methods which involve only classical parameters
in the testing system Jp. The coefficients of kinship ap-
propriate to the type of relationship are used to give the
covariance with direct reference to the random mating
population. For selection according to G.C.A. for exam-
ple:

w(li)=1/8, ¥(ijli)=0, and Y(iklik) = 1/64,
to give
coV [ Tp(G), Mpy(G)] = (1/4)0 5 pg+(1/16)05 5 png

which is the same result as that obtained using the parent-
offspring covariance approach, because 1% = (1/2)o; and
r(aa)y, = (1/4) (o), -

Expressions for cov [7p, My, ] for various selection
methods are given in Table 2. In the absence of epistasis
there are nominally the same as those given by Wright
(1974), but are in fact k times smaller, a discrepancy bal-
anced in the formula for selection advance by the multi-
plier k. The formula for selection advance is now suffi-
ciently general to allow for selection in either one or both
sexes, and for the case where n parents have already been
chosen and are regarded as fixed, and selection is aimed at
the improvement of varietal ability of the residue of the
population, so that the covariance is multiplied by (k-n)
rather than k.

In practice, selection for G.S.A. may be based on pre-

dictors which remove the necessity for its direct estima-
tion by assessment of synthetics in equilibrium (Wright
1973; Gallais 1974c, 1975). The expression for genetic
advance after n cycles of selection according to any meth-
od can be deduced from the results of Gallais (1979) as
the advance after relaxation of selection.

4.2 Genetic Advance During Varietal Development

Varietal development involves the selection of genotypes
for immediate use as varietal parents. These can be se-
lected either independently or in groups, so that both
general and specific synthesising abilities can be utilised.

4.2.1 Individual Selection

Expected genetic advance can be expressed in a way ana-
logous to that for population improvement:

cov[ 74(G), 4 (G)]
Vvar [ 7,(G)]

/ﬁ\}n_‘ﬂvn=ik

where u¥%_ is the expected value of varieties produced
from selected individuals, uy_ the expected value of all
synthetics, and cov[Z,(G), #,,(G)]is the covariance of
individual genotypic varietal values with their values under
a particular testing system. Thus, if epistasis is restricted
to the additive x additive type:
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cov[7y(G), My(G)] = 2 Y(il) 0o, ag

+ Y (ijlij) OpDg

+4 Y (klik) 045 1 ang
and because the relationship is between two different at-
tributes of the same individual: (ili) = 1/2, (ijlij) = 1 and

Y(iklik) = 1/4
So, in general:

cov [T y(G), My (G)] = Oarag T OppDg T 9AATAAg... etc.

As in the case of population improvement, the co-
variance for any specific testing scheme is found by substi-
tution of classical, synthetic or S1 parameters where ap-
propriate (Table 1). Table 3 gives some results for differ-
ent selection methods in the presence of additive x addi-
tive epistasis. It is clear that the contribution of additive
and dominance effects are the same as those for popula-
tion improvement with 6 = 2, whereas, in the absence of
linkage, the coefficient for the epistatic component is
twice that for population improvement. In addition, the
complete expression would include contributions from ad-
ditive x dominance and dominance x dominance epistasis.

4.2.2 Group Selection

Group selection is a method where the parents are eval-
uated in groups of size n, with n < k, where the groups
might involve hybrid or synthetic combination. Two
methods of arrangement of these groups can be envisaged,
firstly where all possible combinations of n are produced
from a group of size k, and secondly where the combina-
tions have no common members so that there are b inde-
pendent groups, with k = bn.

The expression for advance under individual selection
is not appropriate for group selection, as the test criterion
is now the mean value of a group. It can be expressed as

cov[ﬁ'v,./fv]
Vvar [ 7]

Table 3. Covariance between the value of a genotype according
to the system of testing < v» Which defines the selection method,
and its general synthesising ability

*® =3
By, —Hy =1

Breeding method cov 7 v %

Phenotypic selection T OA.L Ag +0 D.Dg + ”AA.AAS

Selection on G.C.A. (1/2)"A-As + (1/4)°AA.AAS

Selection on S, UAIAS + aDIDS + "AAIAAS

Selection on G.S.A. aj\S + af)s +0} Ag

where p"{,n and py  have the same meaning as before, but
cov [ %, ./%V] is the covariance between the predicted
values according to the testing system Jy, and the true
values A, and var [7y] is the phenotypic variance of
these predicted values. 7, can also be defined as the
predictor of the varietal value.

The value of a particular synthetic can be expanded in
terms of a factorial model:

S =P+ i+ T odiy+ T gtype + ...
IIK... = Hs Tstt g8ty g stuk

where ga; is the G.S.A. of the genotype I, ¢d,; is the
S.S.A. of genotypes 1 and J...

Similarly the value of a group of parents according to a
system of testing can be written:

T =+ Z car+ & pdiy+ 2 t
DK.LTRT T TR BTt T T UK...

Then cov[ 7, v,.//v] can be expanded as follows:
cov[fv,./%v] =K, cov pa; ga; + K, cov pdyy gdpy + ...

K, K, ... being a function of the size n of the group for
evaluation.

In the absence of epistasis, the S.S.A. are limited to
those of the first order. Thus:

cov| 9_\,,%] =k cov 13; g2; + [k(k-1)/2] cov 1 d;; dy;

Such a covariance can be expressed in terms of the co-
variances between a set of individuals evaluated by +, and
a synthetic having one or two parents in common (cov 1
and cov 2).

Then cov 1 = cov 13; g3,

cov 2 =2 cov 13; ga; + cov pd;; gd;;
so cov[ 7y, My 1=k cov 1 +(k(k-1)/2)(cov 2 —2 cov 1)

Is is also possible to express this covariance in terms of
the effects for the testing system and varietal abilities
which have already been introduced. The value of a set of
k parents (i;j;, i2j2,- ixdi) according to the system of
testing can be expanded according to an expression analo-
gous to expression (1) by replacing the subscript S by T.
Noting the fact that such an expansion is not necessarily
symmetrical for all effects (e.g. for dominance effects in
the absence of epistasis for some types of testing), it is
necessary to take account of the parental origin of genes,
i.e. two alleles can originate from either the same or dif-
ferent parents. Then the general expression for the co-
variance between a set (x) of k individuals evaluated ac-
cording to system 7, in groups of size n and a k-parent
synthetic S, will be
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Table 4. Covariance between the predicted value of a synthetic
according to the system of testing I, y for different group selec-
tion methods and its true value, when all possible combinations
of n are produced from a group of size k

P
Nature of the group cov 'y ‘%/V

1. Individual 9A.Ag + °D.DS

2. of asingle cross 2 4
gl ) ®AgcSg ** IDgDg*
3. F, (from self-fertilisation 2 4 *
2 (fr 9Ap Agt 4 9Dp Dg
of a single cross) 2 2

4. Double cross 4oppcagt 2 UDDCDS*

5. n-Synthetics (n < k) n OAS Ag +n(2n-1) UDS Dg
n “k n “k

6. k-Synthetics k ORS +k(2k-1) of)s

* We have choosen to define additive (A) and dominance (D)
effects for each criterion of test to show the analogy with the se-
lection in synthetic combinations. We have Age = (1/2)A, Dgp =

(1/4)D, Apc = (1/4)A, Dpe = (1/16)D. So cov [ T, Mylis
the same for methods 1 and 2 (and 4 for the situation with b
independent double crosses, k = 4b)

cov TXSy =2kn ll/(ll lil)oATAS +(kn lp(llll Iiljl)

kn(k-1) (n-1
+ —(—Z)(—)* Y2 1o ))_UDTDS
where ¥(i1i; li;§,) is the coefficient of kinship for two
alleles drawn from the some parent, and ¥(i,j.!i,j;) that
for two alleles from different parents.

When the k parents in T, and S, are common, then
cov T, S, gives cov 7y M v] directly, and since

Y(iy 1) =1/(2k), Y(irjslizj1)=1/k and
Yisja lirj2) = 8/(k(k-1))

a general expression is found to be:
cov[fv,./%v] =00, agt810+28; n(n-1))op p

where the values taken by §, and 8, depend on the type
of group being evaluated. For individual selection, §; = 1
and 8§, = 0. For n> 1, 6, is always 1. For hybrids, where
alleles from the same parent cannot occur together, §, is
0, whereas it is 1 for synthetics. The expectations for cov
[9;, ,.//v] for various testing systems are given in Table 4.

In the case where the k parents are evaluated in b
independent groups where k = bn, the covariance is un-
changed for methods 2, 3 and 5 (the problem being trivial
in the case of methods 1 and 6), but with double cross
evaluation (method 4):
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g —
cov[-/v,./%v]—4oADCAs+ 16 0p g

It should be noted that the advance will not be expected
to be the same for both types of group, whatever the

system of testing, because Vvar [7,] will alter.

4.3 Some Breeding Implications

The theory developed in this paper has been concerned
only with the covariance in the numerator of the formulae
for predicting the advance in varietal value under different
types of selection. Although the expectation of the gene-
tic portion of the denominator (var J3) can be obtained
very simply, the environmental components may be com-
plex, in particular for predictors of G.S.A. derived either
directly as the mean of equilibrium synthetics, or, follow-
ing Sewall Wright (1922), using a linear combination of
the means of progeny obtained by crossing and seifing
(Busbice 1970, 1976; Wright 1973; Gallais 1974, 1975).
Furthermore, different methods will afford different se-
lection intensities (i), different control of selection in the
two sexes (#), and different lengths of selection cycle.

However, similarities with existing theory for popula-
tion improvement are apparent, and allow some general
principles to emerge. Whereas advance from the varietal
building phase of a breeding programme depends on the
varietal value of the selection per se, that from one cycle
of population improvement must be evaluated after the
selections have been intercrossed to generate a new popu-
lation, and hence depends on the varietal value of the
random-bred offspring of these selections. Thus the frac-
tion of the advance in varietal value due to non-additive
effects (Table 3) is not maintained during population im-
provement (Table 2) (Wright 1974). This is exactly what
happens to genotypic values during conventional selection
and evaluation, and follows directly from the relationships
between the parameters employed in the two models, so
that varietal value is here a direct replacement for geno-
typic value.

The advance in varietal value for any method of popu-
lation improvement can be cast in a more familiar form
similar to that used for conventional selection (Falconer
1960). Hence

Bvoer _“Vn,l =i0hr var[./%/PV(G)]

where h? is the normal narrow-sense heritability of the
criterion, and r is the additive genetic correlation between
test values and varietal values of the progeny of tested
plants (/”PV(G)). (A similar formulation is possible for the
varietal construction phase, involving broad-sense herita-
bility and a genotypic correlation of test values and va-
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rietal values). The superiority of one method (x) over an
alternative (z) (ignoring i and 6) depends on

h r, >h,r,

If criterion x is a direct estimator of G.S.A., then r, =1,
but this does not necessarily imply a superiority for this
method. In fact, all the formulae given here for the ad-
vance of varietal value during population improvement
using the common selection procedures (mass, G.C.A., of
family selection) are identical with the orthodox formulae
for the advance of genotypic value (Gallais 1977), a part
from the substitution of 05 a4 for 02A and 0pa.aAg fOr
0ha- Thus all existing information as to the relative
merits of these methods can be applied directly to ques-
tions concerning synthetic variety production.

Discussion

The system of analysis of the genetic variation in ran-
domly mating populations described by Kempthorne
(1957) uses the individual genotype as the fundamental
unit, and derives expectations for covariances among in-
dividuals according to their degree of relationship. This
approach can be adapted to study the covariances neces-
sary in the formulation of a theory of breeding for syn-
thetic varieties (Gallais 1974b, Wright 1974). However,
the method developed in this paper, recognising that varia-
tion among individual within varieties is not relevant to
the problem, uses the synthetic variety itself as the unit of
analysis, and redefines the various genetic parameters ac-
cordingly. This leads to a simpler treatment of all statistics
involving varieties and their relationship to the various
methods of parental assessment.

The cost of this redefinition is a loss of the obvious
relationships between the new statistics and the old, and

between the theory for one size of synthetic and that for .

another, (e.g. the variance among synthetics appears to
increase with k, whereas in reality it must decrease). How-
ever, the new parameters can in fact be related to those in
the classical theory.

Within this framework, a coherent theory is developed
which provides a sound theoretical basis for the compari-
son of the expected efficiencies of different breeding
methods in the development of synthetic varieties with a
given number of parents, leading to results that are sim-
pler than those from the classical theory, due to a reduc-
tion in the number of parameters. The definition of sepa-
rate genetic effects for the criterion of test and varietal
value with reference to the varietal unit allows a very
general formulation of advance during population im-
provement and varietal development which can be applied
to any type of variety, including composites and all types
of hybrids (Gallais 1978).
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